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Minus Dominating and Total Minus Dominating
Functions of Corona Product Graph of a Path
with a Star
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Abstract: Graph theory is one of the most flourishing branches of modern mathematics and computer applications. Domination in graphs has been studied
extensively in recent years and it is an important branch of graph theory. An introduction and an extensive overview on domination in graphs and related
topics is surveyed and detailed in the two books by Haynes et al. [ 6,7]. Recently dominating functions in domination theory have received much attention. In
this paper we present some results on minimal minus dominating and total minus dominating functions of corona product graph of path with a star.

Index Terms: Corona Product, Path, Star, minus dominating function, Total minus dominating function.

1. INTRODUCTION

Domination Theory has a wide range of applications to
many fields like Engineering, Communication Networks, Social
sciences, linguistics, physical sciences and many others. Allan, R.B.
and Laskar, R.[1], Cockayne, E.J. and Hedetniemi, S.T. [2] have
studied various domination parameters of graphs.

The minus dominating function was defined by Dunbar et
al. [3]. Zelinka [12] gave a lower bound of a minus domination
number for a cubic graph and Dunbar et al.[3] did the same work
for regular graphs. The efficient minus domination problem has
applications in sociology, electronics and facility location of
operation research. The total minus dominating function of a graph
has been defined by Harris, L. and Hattingh, J.H. [5].

Frucht and Harary [4] introduced a new product on two
graphs G; and G,, called corona product denoted by G;®©G,. The
object is to construct a new and simple operation on two graphs G,
and G, called their corona, with the property that the group of the
new graph is in general isomorphic with the wreath product of the
groups of G; and of G, .

The authors have studied some dominating functions of
corona product graph of a cycle with a complete graph [8] and
published papers on minimal dominating functions, some variations
of Y — dominating functions and Y - total dominating functions
[9,10,11]. In this paper we discuss some results on minus
dominating functions and total minus dominating functions of the
graph G = P,® K,

2. CORONA PRODUCT OF P, AND K,,,
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The corona product of a path B, with star K, isa
graph obtained by taking one copy of a . — vertex path B, and n
copies of KLm and then joining the 1" vertex of E, to every

vertex of " copy of Ky, and it is denoted by P, ® K, .

We require the following theorem whose proof can be
found in Siva Parvathi, M. [8].

Theorem 2.1: The degree of a vertex ¥; in G = P, @ K, . is
given by

m+3, if v, €EP and 2<i< (n—1)
m+ 2, if v, € P, and i=1 orn
m+1, if v; €Ky, and v; isin first partition,

d(v.‘) =

2, if v; €K, and v, isin second partition.

3. Minus Dominating Functions

In this section we discuss the concepts of minus
dominating functions and efficient minus domination functions of
the corona product graph P, @ Kk,,, and some results on these

functions are obtained. Let us recall the definitions of these
functions.

Definition: Let G ( IV, E ) be a graph. A function
f:+V — {—1,01}iscalled aminus dominating function
(Minus DF) of & if
fFINWD = 2 ffuJ =1, foreach veV.
weNy]

A minus dominating function g of g is called a minimal
minus dominating function if forall g < f, g is nota minus
dominating function.

Definition: Let & ( 7, E ) be a graph. A function
f:V —= {—1,01}is called an efficient minus dominating
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function (E Minus DF) of & if

FIN[v]) = Zf[uJ:L for each veV.

ueNjv]

Theorem 3.1: A function f : v — {—1,0, 1} defined by

0, for other vertices in each copy of K,, whose degree is 2 in G,

(-1, for omevertex v in each copy of K,. whose degree is 2in G,
flv) =

1. otherwise.

is @ minimal minus dominating function of 6 = P, @ K, ..
Proof: Let f be a function defined as in the hypothesis.

Case 1: Let v € P, besuchthatd(v) = m 4+ 3in G.
Then N[v] contains m + 1 vertices of K, and three vertices of

P inG.

S = _ _

o > fu)=1+1+1+{1+(-1)+0+....+0[=3.
ueN|[v] (m-1)—times

Case 2: Let v € P, besuchthat d(v) = m + 2inG.

Then N[w] contains 112 4 1 vertices of k, and two vertices of

B, inG.

S0 Y f(u):1+l+{l+(—1)+0+ ....... +O}:2.

ueN[v] (m-1)—times
Case 3: Letv € K, besuchthatd(v) =m + 1inG.
Then N[w] contains m + 1 vertices of K, and one vertex of £,
inGr.

so » f(u)=1+{1+(-1)+0+....+0|=1.

ueN|[v] (m-1)—times
Case 4: Let v € Ky, besuchthatd(v) = 2inG.
Then f(v) = —1 o f(v)=0.
Now N[#] contains two vertices of K ,,, and one vertex of B, in
G.
ff(v) =—1, then > f(u)=1+1+(-1)=1.
ueN|[v]

ff(v) =0, then > f(u)=1+1+0=2.
ueN|[v]
Therefore for all possibilities, we get

z f(u)Zl, ¥ oveV.

ueN|[v]

This implies that f is a Minus DF.

Now we check for the minimality of f.
Defineg : V —{ —1, 0, 1} by

(-1, for one vertex v in each copy of K,, whose degree is 2 in G
and for any one vertex v, =P in G,
0, for other vertices in each copy of K, whose degree is 2in G,

1. otherwise.
Since strict inequality holds at the vertex V, eV, it follows that
g = f
Case (i): Let v € P, besuchthatd(v) =m + 3inG.

Sub case 1: Let V, € N [V]
Then

> gu)=(-1)+1+1+|{1+(-1)+0+....+ 0| =1.

ueN|[v] (m-1)—times
Sub case 2: Let V, ¢ N [V]
Then
gu)=1+1+1+|1+(-1)+0+....+0|=3.
u;[v] T mDltimes

Case (ii): Let v € B, besuchthat d(v) =m + 2in G.

Sub case 1: Let V, € N [V]
Then

> gu)=(-1)+1+|1+(-1)+0+....+0|=0.
ueN|[v] (m-1)—times

Sub case 2: Let V, ¢ N [V]

Then > g(u)=1+1+{1+(-1)+0+....+0|=2.

ueN[v] (m-1)—times
Case (jii): Let ¥ € Ky, besuchthatd(v) =m + 1inG.
Sub case 1: Let V, € N [V]

Then Z g(u)

ueN|[v] (m-1)—times

Sub case 2: Let V, & N[v].

Il
/?
=

+

IR

=+
/l'\
=

+

o

=+

i

o

I

[

[HEN

Then > g(u)=1+|1+(-1)+0+....+0|=1.

ueN|[v] (m-1)—times
Case (iv): Let v € K, besuchthatd(w) = 2in G.
Then g{v) =—1 or g(v) =0.
Sub case 1: Let V, € N [V]

fg(v) =—1,then > g(u)=(-1)+1+(-1)=-1.

ueN|[v]
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If g(v) = 0, then Z g(u): (—1)+1+ 0=0.

ueN|[v]
Sub case 2: Let V, & N[v].

If g(v) = —1, then Z g(u):1+1+(—1):1.

ueN|[v]
If g(v) = 0, then Z g(u):1+1+0 =2.
ueN|[v]
This implies that Z g(u)<1,forsome v eV,

ueN[v]
So g is not a Minus DF.
Since g is defined arbitrarily, it follows that there exists no
g = [ suchthat g isaMinus DF.
Thus f is a minimal Minus DF.

Theorem 3.2: A function f: V. — { -1, 0, 1} defined by

F(v) = JL

0, otherwise.

is an efficient minus dominating function of G = P, ® K, .

Proof: Consider the graph G = B, & K with vertex set V.
Let f be a function defined as in the hypothesis.
Case 1: Let v € P, besuchthat d(v) = m + 3in G.

ueN|[v] m-times

So f(u):0+0+0+{1+0+ ....... +O}:1.
Case 2: Let v € P, besuchthat d(v) =m + 2in G.

So f(u)=0+0+{1+0+ ....... +0}=1.
ueN|[v] m-times

Case 3: Let v € K, besuchthatd () =m + 1inG.

So Y f(u)=0+{1+0+ ....... +O}=1.
ueN|[v] m-times
Case 4: Let v € Ky, besuchthatd(v) = 2in G.
so » f(u)=0+1+0=1.
ueN|[v]
Therefore for all possibilities,
we get Z f(u):l, ¥ veV.
ueN|[v]

This implies that f is an efficient minus dominating function.

4. Total Minus Dominating Functions

) 1.
1, for v whose degree is m +1in each copy of K(y)& JLG

In this section we discuss about total minus dominating
functions of corona product graph ¢ = P, ®K,,, and results on

total minus dominating functions of this graph are presented. First
let us recall some definitions.

Definition: Let G (V,E ) be a graph. A function
f:V —= {—1,0,1} is called a total minus dominating
function (T Minus DF) of G if

FIN(v)) = Zf[u;IEL for each v V.

ueM1)
A total minus dominating function f of & is called a

minimal total minus dominating function if forall g =< f, g
is not a total minus dominating function.

Theorem 4.1: A function f: V — { -1, 0, 1} defined by
for the vertices of P, in G.
0. otherwise.

is a Minimal Total Minus Dominating Function of 6 = B, ® K, .
Proof: Consider the graph G = B, (& K . with vertex set V.
Let f be a function defined as in the hypothesis.

Case 1: Let v € B, besuchthat d(v) = m + 3in G.

Then N(7) contains m + 1 vertices of K ,,, and two vertices of
B inG.

so > f(u)=1+1+{0+0+....+0|=2.
ueN(v) W

Case 2: Let v € P, besuchthatd(v) =m + 2in G.

Then N () contains m + 1 vertices of k. and one vertex of
E inG.

so > fu)=1+{0+0+.....+0|=1.
ueN(v) W

Case 3: Let v € Ky besuchthatd () =m + 1inG.

Then N (7) contains m vertices of K ,,, whose degree is 2 and

one vertex of B, in G.

so Y f(u):1+{0+0+ ........ +o}:1.

ueN (v) m—times

Case 4: Let v € Ky, besuchthatd(v) = 2in G.
Then N (7) contains one vertex of K ,,, whose degree is . + 1

and one vertex of B, in .
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So Z fu)=
ueN(v)
Therefore for all possibilities,

we get Z f(u)zl, ¥ oveV.
ueN (v)

This implies that f is a Total Minus DF.

Now we check for the minimality of f.

Defineg : V—{-1, 0, 1} by

1+0=1.

1. f v=v_eP in G,
1.f ve P, -{v,}inG

0. otherwise.

g(v) =

Case (i): Let v € P, besuchthatd(v) =m + 3inG.
Sub case 1: Let V, € N (V).

Then > g(u 1)+1+0+0+........ +0|=0.
ueN(v) (m+1)-times

Sub case 2: Let V, & N (V).

Then > g(u)=1+1+{0+0+.....+0[=2.
ueN (v) (m-+1)-times

Case (ii): Let v € B, besuchthatd(v) = m + 2inG.
Sub case 1: Let V, € N (V).

Then > g(u)= |:0+0+ ........ +0]=—1.
ueN(v) (m-+1)~times

Sub case 2: Let V, & N (V).

Then Zguz

ueN (v)

Case (iii): Let 7 € K,

(m+1)-times

Sub case 1: Let V, € N (V).

Then > g(u {O+0+ ........ +O}:—l.
ueN(v) m—times

Sub case 2: Let V, & N (V).

Then Z g(u):

ueN (v)
Case (iv): Let v € K

m—times

be such that d(¥) = 2in G.
Sub case 1: Let Vk € N (V)
Then Z g + 0=-1

ueN (v)

be such that () =m + 1inG.

[t
[2]
(3]
(4]
(5]

182

Sub case 2: Let V, & N (V).

Then Z g(u)=1+0=1.
ueN(v)
This implies that Z g(u) <1, forsomev e V.

ueN(v)
So g is not a Total Minus DF.
Since g is defined arbitrarily, it follows that there exists no g << f
such that g isa T Minus DF.
Thus f is a minimal T Minus DF.

5. ILLUSTRATION

G=P; 0Kz

The function “f” takes the value -1 for one vertex in each copy of
K15 whose degree is 2, the value 0 for other vertices in each
copy of K, whose degree is 2 and the value 1 for the vertices
of Ps and the remaining vertex in Ky .

6. CONCLUSION

It is interesting to study the convexity of minimal
dominating and total dominating functions of corona product graph
of a cycle with a complete graph. This work gives the scope for an
extensive study of dominating functions in general of these graphs.
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